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Abstract. It is shown that if G is a graph of order p 2 2 such that deg u + deg u 2 p - 1 for all 
pairs u, u of nonadjacent vertices, then the edge-connectivity of G equals the minimum degree 
of G. Furthermore, if deg u + deg u _> p for all pairs u, u of nonadjacent vertices, then either p 
is even and G is isomorphic to Kpj2 X K, or every minimum cutset of edges of G consists of the 
collection of edges incident with a vertex of least degree. 
The edge-connectivity ~1 (G) of a graph G is the minimum number of 
edges whose .removal from G results in a disconnected graph. If we denote 
the minimum degree (among the vertices) of G by 6(G), then the inequal- 
ity K~ (G) 2 6(G) is immediate. 
In [ 21, Chartrand proved that if G is a graph of order p 2 2 such that 
6(G) 2 4 (p - l), then K~(G) = 6(G) and, furthermore, the result is sharp. 
The first theorem of this paper, which has the aforementioned result as 
a corollary, permits us to conclude that ~1 (G) = 6(G) for some graphs 
which have vertices of degree less than f ( p - 1). In its proof, we make 
use of the fact that the graph G has edge-connectivity at least n if and 
only if for every nonempty proper subset W of the vertex set V(G) of G, 
the number of edges joining W and V(G) \ W is at least n (see, for example, 
[l,P. 1201). 
Theorem 1. If G is a graph of order p 2 2 such that deg u + deg v >_ p -1 
for all pairs u, v of nonadjacent vertices of G, then ~1 (G) = 6(G). 
Proof. Since K~(G) 5 6(G), we need onlyverify that K~(G) >_ 6(G). If suf- 
fices to show that if W is an arbitrary nonempty subset of v(G) with 
I WI 5 $p, then the number of edges joining W and v(G)\ W is at least 
6(G). We consider two cases. 
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Case 1: Suppose I WI <_ 6(G). Each vertex of W is adjacent to at most 
I W I - 1 vertices of IV. Thus each vertex of W is adjacent to at least 
6(G) - (I W I - 1) vertices of V(G) \ W, implying that the number of edges 
joining W and V(G)\ W is at least I W I (6(G) - I W I + 1). Since I W I 2 1 
and 6(G) - I W I >_ 0, we have i W I (6(G) - I W I) 2 6(G) - IW I. Therefore, 
lWl(ti(G) - IWI) + IW I _> 6(G) or, equivalently, lWl(6(G) - lWl+ 1) 2 6(G). 
Case 2: Suppose I WI > 6(G). Assume, to the contrary, that the num- 
ber of edges joining W and V(G) \ W is less than 6(G). Since I WI > S(G), 
there is a vertex w E W which is adjacent to no vertex of V(G) \ W; hence 
deg w 5 I WI - 1. Let u be an arbitrary vertex of V(G) \ IV. By the hypoth- 
esis of the theorem, deg u + deg w > p - 1. Thus, 
degu 2 (p- 1) - degw 
2 (I V(G)1 - 1) - (WI - 1) 
= I V(G)1 - l.W= I V(G)\ WI . 
Since u is adjacent to at most I V(G) \ WI - 1 vertices of V(G) \ IV, it fol- 
lows that u is adjacent to at least one vertex of W. Hence there are at 
least I V(G)\ WI edges joining W and V(G)\ W. Since I V(G)\ WI 2 IWI 
and I WI > 6(G), the number of edges joining W and V(G) \ W exceeds 
6( G ), which contradicts our original assumption. 
This result is best possible even among connected graphs for if G is a 
graph of order p 2 6 composed of two disjoint complete subgraphs K, 
and Kp-n, 2 < n < p - 2, and an edge joining vertices of the two sub- 
graphs, then degu +-degu 2 sp - 2 for all pairs u, u of-nonadjacent ver- 
tices but 6(G) = min {n - 1, p - n - 1) > 1 and K~(G) = 1. 
If G is a graph which satisfies the hypothesis of the preceding theorem, 
then at least one minimum cutset of edges of G consists of the collection 
of edges incident with a vertex of least degree. However, G may contain 
a minimum cutset of edges which is not of this form. A graph of order 
p 2 8 composed of two disjoint complete subgraphs I$. and KPLn, 2 < . 
n < i p, and one edge from each vertex of the subgraph K, to a vertex 
of the subgraph Fp_n is such a graph. In [ 31, Kel’mans proved that if G 
is a graph of order p > 3 such that 6(G) 2 $ (p + 1 ), then every minimum 
cutset of edges of G consists of the collection of edges incident with a 
vertex of least degree. We now show that the hypothesis of this theorem 
of Kel’mans may be weakened. In order to present this result, we define 
the product of two graphs G and H, denoted G X H, to be that graph 
with vertex set‘V(G) X V(H) such that two vertices (ur, u2) and (ur, u2) 
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are adjacent if and only if either u1 = ur and u2u2 E E(H) or u2 = u2 and 
u1 u1 E E(G). 
Theorem 2. If G is a graph of order p 2 2 such that deg u’+ deg u 2 p for 
all pairs u, u of nonadjacent vertices of G, then either p is even and G is 
isomorphic to Kp12 x K, or every minimum cutset of edges of G consists 
of the collection of edges incident with a vertex of least degree. 
Proof. Suppose that either p is odd or that p is even and G is a graph 
which is not isomorphic to Kp12 X K,. We wish to show that every mini- 
mum cutset of .edges of G consists of the collection of edges incident 
with a vertex of least degree. Since the result obviously holds for p = 2 
or 3, we may assume that p 2 4. By Theorem 1, K~ (G) = 6(G). Hence it 
suffices to show that if W is an arbitrary subset of V(G) with 2 5 I WI <_ 
$p, then the number of edges joining W and V(G) \: W is greater than 
6(G). We consider three cases. 
Case 1: Suppose I WI < 6(G). Each vertex of W is adjacent to at most 
I WI - 1 vertices of W. Thus each vertex of W is adjacent to at least 
6(G) - ( f WI - 1) vertices of V(G) \ W, implying that the number of edges 
joining W and V(G)\ W is at least IWI (6(G) - I WI + 1). Since I W I > 1 
and 6(G) - WI > 0, we have WI (6(G) - WI) > 6(G) - I WI. Therefore, 
IWI (6(G) - IWI) + IW I > 6(G) or, equivalently, lWl(6(G) - IWI + 1) > 
6(G). 
Case 2: Suppose I WI > 6(G). Assume, to the contrary, that the num- 
ber of edges joining W and V(G) \ W does not exceed 6(G). Since 
I WI > 6(G), there is a vertex w E W which is adjacent to no vertex of 
V(G) \ W, hence deg w < I WI - 1. Let u be an arbitrary vertex of V(G) \ W. 
By the hypothesis of the theorem, deg u + deg w 2 p. Thus, 
degu ?p - degw 
> I V(G)1 - (WI - 1) 
= IV(G)\Wl+ 1. 
Since u is adjacent to at most I V(G) \ WI - 1 vertices of V(G) \ W, it fol- 
lows that u is adjacent to at least two vertices of W. Hence there are at 
least 2 I V(G) \ WI edges joining W and V(G) \ W. Since I V(G) \ W I 2 I W I 
and I WI > 6(G), the number of edges joining W and V(G) \ W exceeds 
6(G), which contradicts our original assumption. 
Case 3: Suppose I WI =.6(G). Assume, to the contrary, that the num- 
ber of edges joining W and V(G)\, W does not exceed 6(G). Each vertex 
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of W is adjacent to at most I WI - 1 vertices of W. Thus, each vertex of 
W is adjacent to at least one vertex of V(G) \ W. Since the number of 
edges joining W and V(G) \ W does not exceed 6(G), each vertex of W is 
adjacent to exactly one vertex of V(G) \ W and thus to every other vertex 
of W. Now, each vertex of V(G) \ W is adjacent to at least one vertex of 
W; for otherwise there is a vertex u E V(G) \ W with deg u 5 I V(G) \ WI - 1 
and a vertex w E W such that u and w are nonadjacent and deg u + deg w< 
I W I + I V(G) \ WI - 1 = p - 1, contradicting the hypothesis of the theo- 
rem. 
Since I V(G) \ WI 2 I WI and each vertex of W is adjacent to exactly one 
vertex of V(G) \ W, we must have that I V(G) \ WI = I WI and that each 
vertex of V(G) \ W is adjacent to exactly one vertex of W and thus to 
every other vertex of V(G) \ W. But then p is necessarily even and G is 
isomorphic to Kp/2 X K,, which presents a contradiction. 
Corollary. If G is a graph of order p > 2 such that deg u + deg v 2 p + 1 
for all pairs u, v of nonadjacent vertices, then every minimum cutset of 
edges of G consists of the collection of edges incident with a vertex of 
least degree. 
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